Soft Magnetic Composites can be considered as a periodic pattern of circular fibers or spheres inside a matrix. In this paper, lower and upper bounds for eddy current (EC) losses are analytically deduced for these types of microstructures. Bounds are obtained from simple magnetic field averaging operations within the inclusions. The averaging manipulations rely on the determination of the effective permeability of the composite, which can be estimated using a homogenization strategy. Lower and upper estimates of EC losses are then obtained for more generic microstructures based on the definition of this effective permeability. Results are compared to Finite Element calculations. The model is then validated with experimental results from the literature. Published by AIP Publishing.
I. INTRODUCTION
Soft Magnetic Composites (SMCs) are magnetic materials typically composed of ferromagnetic inclusions embedded in a dielectric matrix. They are designed to reduce Eddy Current (EC) losses while maintaining high magnetic permeability. This can be achieved with highly magnetic grains insulated by dielectrics, which cut down the global eddy currents. The grains are chosen as small as possible so as to obtain minimum EC losses. 1 In recent research works on SMCs, the typical grain size is of the order of 100 lm, 2-5 but many efforts are devoted to reduce it. [6] [7] [8] Modeling completely such materials, including their microstructure, in a numerical design tool is usually impossible due to the large scale difference between the gain size and the typical device size. For such multi-scale problems, the use of homogenization strategies is a preferable choice to describe the macroscopic behavior. The main properties of interest in SMCs are the effective magnetic permeability and the EC loss density.
A classical approximation for the modeling of SMCs is to consider the microstructure as a periodic matrix/inclusion microstructure. [9] [10] [11] Several approaches can be found to estimate the effective electromagnetic properties of composite materials. [12] [13] [14] As for EC losses, numerical 10, 15 and analytical 16 approaches have been proposed for 2D SMCs (considering infinitely long cylinder inclusions for the third dimension) with applied field in the perpendicular direction (cylinder axis). Under such conditions at low frequency, the magnetic field in the whole domain is uniform, which greatly simplifies the problem since EC losses can be related to the square of the uniform magnetic field in the conductive inclusion.
Nevertheless, considering in-plane field for such microstructures is much more challenging. The reason is that the field distribution in the inclusions cannot be considered uniform anymore. In the case of spherical inclusions arranged periodically, the same problem arises. An option is to replace the magnetic field in the magnetic inclusions by its mean value, 17 which can be determined analytically or numerically. This approach often provides an estimate of EC losses with a satisfying accuracy.
The results obtained from that approach showed that EC losses were systematically underestimated. This observation brought the suspicion that a lower bound for EC losses was obtained, but it was not proved. This paper demonstrates that using this strategy for a square lattice of cylindrical inclusions or a periodic cubic lattice of spherical inclusions indeed provides a lower bound for EC losses. Moreover, another approach that replaces the distorted magnetic field by its second order moment (average of the square of the magnetic field) 18 is proved to provide an upper bound on the EC losses. The approach is then extended to a more general class of microstructures for SMCs. It is shown that, although the bound status cannot be guaranteed, the method still provides lower and upper estimates for the EC losses.
In the first part of the paper, EC loss density is defined and a generic formula for SMCs with cylindrical or spherical inclusions is given. The second part is dedicated to the analytical derivation of lower and upper bounds on EC loss density for cylinder or sphere microstructures. The method is then extended to more generic microstructures. EC loss density estimates are given and compared to Finite Element Method (FEM) results. The proposed model is discussed for SMCs with randomly distributed inclusions, and it is finally applied to a practical configuration and compared to experimental results from the literature.
II. EDDY CURRENT LOSSES A. Definition of EC loss density
According to Faraday's law, a time varying magnetic field generates an electric field E. In a domain X with a)
Author to whom correspondence should be addressed: romain.corcolle@ nyu.edu electric conductivity r, eddy current J EC ¼ rE arises, which further results in Joule losses in the material. In the harmonic regime, the EC loss density U is defined as the Joule losses dissipated per unit volume during a wave period
where f is the frequency and the operator hÁi denotes a volume average over the domain X by hÁi ¼ 1 X Ð X Á dX and ½Á Á Á t indicates a conjugate transpose operator. Assuming linear electromagnetic behavior, the induced electric field E in the domain can be deduced using the following Maxwell equations in the harmonic regime:
where l denotes the magnetic permeability, the electric permittivity, and x the angular frequency (x ¼ 2pf). These equations enable to determine the electric and magnetic field distributions.
Magnetic field H can be mathematically split into two contributions H ¼ H qs þ H EC ; H qs representing the magnetic field in quasistatics and H EC representing the induced magnetic field due to EC. At low frequency, H EC can be neglected, simplifying the first line of (2) into r Â E ¼ ÀjxlH qs :
B. Eddy current losses in elementary cells of SMCs
SMCs consist of inclusions surrounded by an insulating matrix. The effective permeabilityl of this heterogeneous material can be estimated using a homogenization strategy. l then links the macroscopic magnetic field H and the macroscopic flux density B B ¼l H:
In this work, attention is first focused on two simplified microstructures: square lattice of fiber inclusions and cubic lattice of spherical inclusions, as shown in Fig. 1 . The fiber inclusion problem can be reduced to a 2D study.
First, consider the study of a single cell of SMCs with a cylindrical or a spherical inclusion with conductivity r i and permeability l i (linear isotropic constituent). If the magnetic field H i in the inclusion is uniform, the EC loss density has the following simple expression: 
where n is the volume fraction of the inclusion (filling factor). Shape factor vector K value depends on the shape and size of the inclusion
with R the radius of a cylinder or a sphere. For SMCs, the magnetic field in the inclusions is usually nonuniform and (5) is not valid anymore. Then, (1) cannot be expressed as a function of the magnetic field distribution in such a simple manner. Moreover, a complete determination of the magnetic field distribution in the inclusions can be rather complex, if not impossible. A simpler approach is to use statistical information about the field distribution. Mean-field approaches providing effective permeability enable to retrieve directly such pieces of information: average and second-order moment of magnetic field in the inclusions. 19 Then, based on (5), two estimates of EC loss density can be built. The components H Under the low frequency assumption, the magnetic field distribution can be deduced similar to magnetostatics conditions. The bound on EC loss density is discussed separately for SMCs with cylinder and sphere microstructure.
A. Cylinder microstructure
The case of cylinder microstructure can be simplified into a 2D problem. Magnetic field can be decomposed into two parts. One is the tangent component (in-plane part); the other is the normal component. The case of magnetic field applied in the normal direction (along the z-axis) has been discussed thoroughly 15, 16 since the magnetic field is uniform over the whole domain at low frequency
where x is the position vector.
Since the magnetic field in the inclusion is uniform, (5) still holds
The effective magnetic permeability can also be exactly determined by the upper Wiener bound
Consider now only the in-plane magnetic field loading, as indicated in Fig. 2 . The problem is solved in polar coordinates (r, h) and Cartesian coordinates (x, y).
For a square lattice of circular inclusions excited by an average magnetic field H (with H z ¼ 0) over the cell (and denoting H ¼ k Hk), the general solution for the magnetic scalar potential U (with H ¼ -rU) in the inclusion can be determined from the following equation in polar coordinates
where A n , B n are real dimensionless coefficients depending on the average magnetic field direction, constituent properties, and volume fraction of the inclusion. The magnetic field in the inclusion in polar coordinates is then whereũ r andũ h indicate unit vectors in polar coordinates. The induced electric field in the inclusion can be determined using (3)
The in-plane electric field is zero (with E r ¼ E h ¼ 0). Applying the definition of EC loss density (1), the exact value can be determined (while considering no loss in the dielectric matrix surrounding the inclusion)
Now, let consider the two estimates for EC losses given by (7) and (8) . Using (15) , the average field and second order moment in the inclusion are, respectively
which lead to the following EC loss density estimates:
n Þ:
Comparing (17) to (19) , the two estimates clearly define bounds on the EC loss density
When the magnetic field in the inclusion is uniform, H i (r, h) in (15) should be r-independent, which gives
Substituting (21) into (17) to (19) lead to the equality in (20) . This is the case of dilute approximation. The three EC loss density estimates are also identical for the component of the magnetic field in the z-direction
Combining the cases of perpendicular field and in-plane field, the following generic bounding equation holds for SMCs with cylinder microstructure:
B. Sphere microstructure
For a cubic lattice of spherical inclusions, we consider first a magnetic field applied along the z-direction. The general case can be obtained using symmetries (see Appendix A for detailed proof).
In spherical coordinates (r, h, /), shown in Fig. 3 where A lm and B lm are coefficients to be determined by the boundary conditions. Y lm (h, /) is the normalized spherical harmonic function
with P m l ðcos hÞ the Legendre polynomials. If it concerns only the sphere (the inclusion), B lm ¼ 0. In addition, l is restricted to odd integers (l ¼ 1, 3, 5,…) and m to non-negative integer multiples of 4 (m ¼ 0, 4, 8,…). 24, 25 Denote H ¼ k Hk. The potential equation can be rewritten as
with bÁc representing the floor operator. C n,m are real dimensionless coefficients. Apply
whereũ r ;ũ h , andũ / are unit vectors in spherical coordinates. The magnetic field distribution in the inclusion can then be obtained. Given the magnetic field distribution in the sphere, the induced electric field can be analytically deduced. Numerical calculations show that azimuthal induced electric field is negligible. This is also discussed in Ref. 26 . Finally, the expression for E / is
with
Substituting (28) into the definition (1) leads to the exact EC loss density formula
The average magnetic field hHi i and the second order moment hH 2 i i in the sphere are obtained from (27) 
Substituting them into (7) and (8) leads to
Again, comparing to (29) , it can be concluded that
Due to symmetry, the inequality also holds when the magnetic field is applied along the x-or y-axis separately. The corresponding EC loss density is U x or U y , respectively. As discussed in Appendix A, the final EC loss density can be directly obtained by adding the three terms:
The same addition rule applies for the first and second order moments of the magnetic field. Therefore, for a magnetic field in the arbitrary direction, we have
It is now proven that the EC loss density estimates obtained by using the average magnetic field or second order moment in the inclusions [ (7) and (8)] are lower and upper bounds for the EC loss density in the case of a cubic lattice of spheres.
C. Discussion about the bounds
When the magnetic field in the inclusions is uniform, both bounds are equal to the exact EC loss value, justifying the equality case in Eqs. (23) and (33).
But when the magnetic field is non-uniform, the EC loss value strictly stands between the two bounds. Hence, the bounds are not optimal: there is no known configuration where the EC loss attains a bound value.
Nevertheless, EC loss value can be exactly determined only by knowing the complete distribution of magnetic field in the inclusions. Extracting such information is usually complex and expensive (e.g., use of full-field approach such as FEM).
The proposed approach in this paper is to use homogenization techniques in order to build these two simple closedform expressions (based on average and second-order moment of magnetic field) for EC losses estimate. The real EC loss value is bounded by these two closed-form estimates (arithmetic proof).
In Sections IV and V, the use of such bounds will be discussed and criticized.
D. Extension to more generic microstructures
Consider a biphasic matrix-inclusion composite with linear and isotropic constituent properties. It is excited by a macroscopic flux density k Bk ¼ B 0 . Given the effective permeabilityl, the average magnetic field hHi i and the second order moment of magnetic field hH 2 i i in the inclusions can be retrieved
and
where l 1 is the permeability of the dielectric matrix.
For an arbitrary composite, if enough geometry information, noted N, is given, the effective permeability can be obtained as a function of the geometry information and the properties of the constituents:lðl 1 ; l i ; NÞ. The shape factor K(N) can be obtained from (6) or as in Ref. 16 , considering simplified basic shapes for the inclusions. Substituting lðl 1 ; l i ; NÞ into (34) and (35), the first and second order moment of magnetic field can be obtained, which leads to the lower and upper EC loss density bounds (U þ and U À ), respectively. The bounds as a function of volume fraction of inclusions n are plotted in Fig. 4 in a schematic way. The EC loss density values are normalized by the value at n ¼ 1.
At very low or very high volume fraction, the magnetic field in the inclusion can be considered uniform, so that,
At the middle range of volume fraction, the magnetic field in the inclusion is distorted, so that
Therefore, there is a gap between the two bounds. The EC loss density bounds depend on the permeability contrast, as shown in Fig. 5 .
At low permeability contrast, the magnetic field in the inclusion can be considered uniform, so that the two bounds have the same value. As the permeability contrast increases, the magnetic field becomes distorted. The two bounds separate. When the permeability contrast is big enough, the change of the field distribution brought by the increase in the permeability is negligible. Therefore, the space between the two bounds remains unchanged when the permeability contrast is high enough.
The EC loss density bounds also vary as a function of frequency, as shown in Fig. 6 .
At low frequency, the contribution of the induced magnetic field is neglected. The field distribution is independent of frequency. The two bounds are proportional to frequency just as the EC loss density. Therefore, the gap between the two bounds is also proportional to frequency.
To conclude, if the effective permeabilitylðl 1 ; l i ; NÞ and the shape factor K(N) are correctly determined, the lower and upper bounds for EC loss density can be obtained. Nevertheless, in most cases, the microstructure information is not sufficiently provided. Usually, with limited geometry information, the effective permeability can only be estimated and the form of the inclusions can be approximated into basic shapes. If an estimate for effective permeability is used, then, U À and U þ cannot rigorously be considered as bounds. They will be referred to later as lower and upper estimates.
IV. EC LOSS DENSITY ESTIMATES
The lower and upper estimates depend greatly on the determination of the effective permeability of the composite. In most cases, the effective permeability cannot be exactly obtained, and its value has to be approximated.
Maxwell Garnett (MG) estimate is a simple and popular approach for the determination of the effective properties of composites. The effective permeability has the form 13,27
where N is a depolarization coefficient: N ¼ Substituting (38) into (34) and (35) leads to
Therefore, there is only one EC loss density estimate, denoted as U MG . MG estimate provides a satisfying approximation for dilute SMCs with circular or spherical inclusions. An alternative effective permeability estimate can be obtained using series expansions, 22, 25 which can attain high precision by calculating high order terms even for high volume fractions n. Therefore, (34) and (35) can be determined and provide EC loss density estimates by substitution into (7) and (8) .
In the following, EC loss density estimates for periodic SMCs with circular inclusion or spherical inclusions are obtained with series expansions. For SMCs with high volume fraction of inclusions (greater than 78.54% for 2D case, or greater than 52.36% for 3D case), the inclusions cannot be considered circular or spherical without overlapping. Method (FEM) calculations have been performed on a unit cell of SMCs as described in Fig. 1 
The cell size L 1 (lattice length) is fixed to 50 lm. The average flux density over a cell B 0 is fixed to 1 T. The material properties used for the constituents are given in Table I .
A. Cylinder microstructure
The effective permeabilityl MG2 is determined by MG estimate using (38). The subscript 2 refers to the 2D Maxwell-Garnett estimate [N ¼ 1/2 in (38)].l MG2 is used to obtain EC loss density estimate, U MG .
On the other hand, series expansion approaches provide more accurate approximations of effective properties than the MG estimates. The effective permeability is obtained using series expansion with the Godin's formula (B1) recalled in Appendix B.
In the following results, U À G and U þ G are determined by using the effective permeability given by Godin's formula (B1). The effective permeability is calculated to the order n 12 in (B2).
EC loss density as a function of the filling factor
Numerical EC loss density U FEM and analytical bounds U À G and U þ G as a function of the filling factor n of cylinders are plotted in Fig. 7 . The superscript "cir" indicates the results for cylinders with circular cross section, while the "squ" for cylinders with square cross section.
As expected EC losses increase when the volume fraction of the conductive inclusions becomes higher. For squareshaped inclusions of size L i , the EC loss density estimate is
U squ MG is a monotonically increasing function of n.
For the case of circular inclusions, given l i > l 1 , (B3) satisfies 0 < a < 1, which results inl G in (B1) being a monotonically increasing function of n (see Appendix B). The EC loss density estimate from the average magnetic field approach has the form
Therefore, U À increases monotonically with the volume fraction n.
At low volume fraction, all approximations (U À G ; U þ G , and U MG ) agree very well with the FEM results. The reason is that, at low volume fraction, the magnetic field in the inclusion is almost uniform (dilute approximation). The uniformity of the magnetic field provides the condition of equality in (20) . Also for a given low volume fraction, the numerical results and estimates are the same no matter the cross section is a circle or a square.
For a middle range volume fraction (0.5 < n < 0.75), the Godin approximations (U À G and U þ G ) coincide with FEM results for circle-shaped inclusions. The space between the two estimates is getting bigger as the volume fraction increases. This is due to the increasing distortion of the magnetic field within the inclusions when the volume fraction is getting higher. In such distorted cases, MG is not valid anymore. MG estimate can be used with satisfactory accuracy when the field in the inclusion is reasonably uniform. This is the case for very low volume fraction (dilute case) but also for high volume fraction (such as high volume fraction of square-shaped inclusions).
At high volume fraction (n > 0.79), inclusion shapes cannot be circular without overlapping. But square inclusions can reach these high volume fractions. MG estimate still provides reliable approximations of EC loss density. It is also remarkable that, using MG estimate in 2D, same levels of EC losses are obtained for circular and square inclusions. It can be seen from the respective definitions of K in both cases [(6) and (9) ] that U squ MG =U cir MG ¼ p=3. As a summary, for cylinder microstructure with circular cross-section, Godin's formula is used to obtain lower and upper estimates of the EC losses. For square-shaped crosssection, MG estimate is a good choice to obtain an estimate of EC losses. It is expected that for high volume fraction inclusion-matrix type composites, the MG estimate is a good approximation for the effective permeability as long as the distribution of the inclusions can be considered random. 
EC loss density as a function of permeability contrast
In this section, EC losses are examined with respect to permeability contrast. MG estimate is only plotted for SMCs with square-shaped inclusions, the case of circular inclusions being very similar. Permeability contrast is defined as c l ¼ l i /l 1 . Since the matrix material is nonmagnetic, l 1 ¼ l 0 . Results are plotted in Fig. 8 .
For all the calculations, the filling factor of inclusions is set to n ¼ 72.38%. For circular inclusions, the radius is R ¼ 24 lm, and for square-shaped inclusions, the size is L i ¼ 42.5 lm. When the permeability contrast is high (greater than a few hundred), EC loss density values saturate. This can be understood from the calculation of the effective permeability (see Appendix B). When the contrast is very high (l i ) l 1 ), the effective permeabilityl G becomes independent of l i . For the case of circular inclusion, the lower and upper estimates have the forms
so that U À and U þ are also c l -independent and the inequality U À < U þ holds.
For the case of square-shaped inclusions, the effective permeability is determined by MG estimate and the EC loss density formula writes
For low contrast, the differences between estimates and the reference values are very small. This is expected since the magnetic field is almost uniform in the inclusions for low permeability contrast even for high filling factors. Because the volume fraction is fixed, when c l ) 1;l approaches a constant [this can be shown either from series expansion (B1) or from MG estimate (38)]. Thus, the variation of the magnetic field distribution can be neglected. Finally, the discrepancy between the MG approach and the FEM results remains constant as c l increases (when c l > 100 in Fig. 8 ). This discrepancy is attributed to the approximation on the effective permeability estimate.
B. Sphere microstructure
Similar to the case of cylinder microstructure, for cubic inclusions,l MG3 is used to obtain EC loss density estimate, U MG . The subscript 3 refers to the 3D Maxwell-Garnett estimate [N ¼ 1/3 in (38)]. For spherical inclusions, the effective permeability is obtained using series expansion with Lam's formula (B4) (see Appendix B). In the following results, U À Lam and U þ Lam are determined using the effective permeability given by Lam's formula (B4). The effective permeability is calculated to the order n 6 in (B5).
EC loss density as a function of the filling factor
EC loss density as a function of the filling factor n of inclusions is plotted in Fig. 9 . The superscript "sph" indicates the case of SMCs with spherical inclusions, and "cub" stands for cubic.
Similar conclusions can be drawn for SMCs with spherical inclusions (3D) as for SMCs with cylindrical inclusions (2D). At low volume fraction (dilute assumption), MG estimate provides a reliable approximation for EC loss density. That is because the magnetic field can be considered as uniform within the inclusions. At middle volume fraction, when the inclusions are assumed spherical and the microstructure periodic, MG estimate is unacceptable, while the lower and upper estimates (U Again similar to the 2D case, it can be concluded that for spherical microstructures, Lam's approach is the better option to obtain lower and upper estimates of the EC losses. For cubic-shaped inclusions, MG estimate is a good choice to obtain an estimate of EC losses. It is expected that for high volume fraction inclusion-matrix type composites, MG estimate is a good approximation for the effective permeability as long as the distribution of the inclusions can be considered random. In the following discussion on the effect of permeability contrast, MG estimate is examined for SMCs with cubic inclusions. The case of spherical inclusions is very similar, and it can be shown 
EC loss density as a function of permeability contrast
EC loss density also depends on the permeability contrast, c l . Figure 10 presents the EC loss density as a function of the permeability contrast for a filling factor set to n ¼ 46.32%. For spherical inclusions, the radius is R ¼ 24 lm, and for cubic inclusions, the size is L i ¼ 38.7 lm.
Again, similar conclusions as for the 2D case can be drawn for the 3D case. A similar formula can be obtained for U À which is shown to be c l -independent at high permeability contrast
This section is dedicated to an illustration of the application of the modelling approach. A few guidelines for the practical application of the method are given first. A purely numerical example is then detailed in order to assess the validity of the proposed model. A comparison to experimental results from the literature is finally discussed.
A. Application guidelines
Depending on the level of knowledge on a given heterogeneous material (constituent properties, microstructure, etc.), the homogenization approach can be applied at different complexity levels:
1. If only the constituent properties are known, an homogenization model (Wiener, 2D or 3D Maxwell-Garnett, Bruggeman, Lam, Godin models) has to be chosen, ideally as a function of the type of microstructure 28 so as to determine the effective permeabilityl. The average field in the inclusions and the second order moment can then be defined by (34) and (35), respectively. The shape factor K t has to be calculated depending on the microstructure. Lower and upper estimates for the EC losses are then calculated using (7) and (8), respectively. For standard SMCs, MG estimate for the effective permeability and a cube shape for the definition of K t (10) usually provide an accurate estimate of the EC loss density. 2. If in addition there is a possibility to know accurately the effective permeability (for instance by an experimental measurement or through a quasi-static FEM computation), then there is no need to use a homogenization model. The average field per phase can be obtained directly from (34), and an estimate for the EC losses using (7). Such an approach will avoid the possible inaccuracy related to the choice of a homogenization strategy, but will not provide lower and upper estimates since the second order moments cannot be defined. 3. An even more precise approach could be obtained if the microstructure is precisely known (for instance through a microscope image of the material). Then a quasistatic FEM computation can be performed on this microstructure, providing not only the effective permeability but also the average field in the inclusions and the second order moment of the field. Given K t (for high volume fraction the cubic approximation will generally be sufficient), lower and upper estimates can be obtained using (7) and (8) .
Of course a full dynamic FEM calculation can provide the values for EC losses, but this is usually the type of dynamic computations that we try to avoid. These computations will be performed in the following part, as a means of validation for the estimates obtained using the proposed methodology. 
B. Numerical example
In this section, the proposed estimates are tested against a more generic range of microstructures for SMCs. Due to the limitations for FEM computations, only 2D microstructures are considered, but the homogenization approach applies in 3D.
We will consider microstructures generated from randomly located non overlapping cylinders with variable radii.
Different distributions of cylinders will lead to different EC losses since field distribution highly depends on the microstructure. A square structure of length L 1 ¼ 200 lm is considered. The following constraints have been used to generate the microstructures: the distance from a cylinder to the boundary satisfies D 1 ! 1 lm and the distance between two cylinders satisfies D 2 ! 2 lm. One realization of a random microstructure is shown in Fig. 11 .
For such microstructures, the EC loss density estimates as defined in Eqs. (7) and (8) are difficult to use since the shape factor K needs to be defined for microstructures with cylinders with variable radii. A simple approach would be to choose the average radius R in Eq. (6), but it would not accurately consider the fact that cylinders with bigger radii have a bigger influence on EC losses than cylinders with smaller radii. A finer approach is detailed hereafter.
From Eqs. (6), (7), and (8), it appears that EC loss estimates are proportional to n Á R 2 for square array of cylinders (with same size) which can be rewritten as
with L the size of the periodic cell. Then, for microstructures made of n cylinders with radii R k (with k from 1 to n), and by making the assumption that each cylinder exhibits the same magnetic field distribution (same average field or same second order moment), then n Á R 2 can be extrapolated to
With the definition of filling factor n for such microstructures
Then, the equivalent radiusR to use in Eqs. (7) and (8) is
If the microstructures are described with density probability functions for radii p(r) (with Ð 1 0 pðrÞdr ¼ 1), then the equivalent radius R to use is
Multiple realizations of microstructures have been randomly generated with the following parameters:
S=m, average flux density B 0 ¼ 1 T • filling factor n: from 20% to 50% with steps of 5% • normal distribution of radii:
-fixed average radius R : 24 lm -standard deviation r R on the radius: from 0 lm to 5 lm with steps of 0.25 lm For this kind of microstructure, the equivalent radius R can be determined from Eq. (49) with an analytical formulã
250 realizations of random microstructures have been generated for each set of parameters. For each realization, the average magnetic field in the inclusions has been post-processed from the FEM results ðhH x i i;FEM ; hH y i i;FEM Þ, as well as second order moment of the magnetic field ðhH Equations (7) and (8) have then been evaluated using the post-processed average and second order moment of magnetic field in order to build numerical estimates for EC loss density
and using the equivalent radiusR defined by Eq. (50).
FIG. 11. One realization of SMC microstructure with a random distribution of non-overlapping cylinders with variable radii (filling factor n ¼ 50%).
Each realization has been checked independently and it has been found that the following inequality was verified every single time:
This result seems to show that the EC loss density estimates built from average and second order moment of magnetic field are still bounds for random microstructures made of cylinders with random radii (it is demonstrated only in this paper for square array of cylinders). Results presented hereafter are only for the microstructures with a filling factor of 50%, which is a worst case scenario since the field distribution in inclusions is strongly heterogeneous compared to microstructures with lower filling factors. Figure 12 shows the EC loss density as a function of radius standard deviation. It shows that the estimates, as defined in Eq. (51), seem to bound the EC loss density. Actually, every realization respected the bounding condition [Eq. (52)].
The decreasing and then increasing trend of EC loss density U FEM , as exhibited on Fig. 12 , can be explained as follows. First, FEM results show that the effective permeabilityl decreases with standard deviation, which means that the amplitude of magnetic field in the inclusions decreases, which also means lower EC loss density. But at the same time, bigger standard deviation means that microstructures exhibit a few bigger inclusions that will generate more EC loss. The concurrence between these two processes explains the trend of EC losses. Figure 13 shows the distribution of EC loss density estimates for the 250 microstructure realizations with standard deviation r R ¼ 1.5 lm (filling factor n ¼ 50%).
It shows that the distribution of EC loss density (and its estimates) roughly follows a normal distribution.
This numerical example tends to show that EC loss density estimate may be more general than only applicable to square array of cylinders or cubic arrays of spheres. In this example, these EC loss density estimates seem to bound the EC loss density for random distribution of non-overlapping cylinders with random radii.
C. Application to experimental results
In this section, the EC loss density estimates are compared with (semi-)analytical models and experimental approaches from the literature. de la Barrière et al. 3 conducted experiments on two types of commercial SMCs. EC losses were separated from the total losses, and a (semi-)analytical model was developed to predict the EC losses. 16, 29 The microscopic images of the two SMCs are shown in Fig. 14 .
The material parameters are detailed in Table II . The mean size represents the size of particles. The ferromagnetic inclusion material is pure iron, with density d Fe ¼ 7870 kg/ m 3 and conductivity r Fe ¼ 9.93 Â 10 6 S/m. The above parameters are used as input for the EC loss estimate calculations. The volume fraction is obtained from the density ratio d/d Fe , n A % 94.7%, and n B % 92.3%. Since the volume fraction is high, the inclusions are considered as cubic and the effective permeability is determined using MG estimate. The corresponding EC loss density estimate is denoted U MG . The results are plotted in Fig. 15 . The proposed approach from MG permeability estimate provides a very satisfying result with respect to the experimental measurements. The approximation is comparable to that obtained with the "distribution" approach. 29 The main difference between the two modelling approaches is that, while the "distribution" model requires a detailed analysis of the microstructure through micrographic analysis, data acquisition, and processing procedures, the model proposed in this paper is based on a statistical interpretation of the microstructure, leading to the application of a simple formula. Besides, the model is not restricted to a 2D view of the material, but encompasses 3D microstructures, making it a more generic tool for the description of magnetic composites.
VI. CONCLUSION
It is demonstrated in this paper that average and second order moment of magnetic field can be used to build simple bounds on EC losses in composite materials with square lattice of cylindrical inclusions or cubic lattice of spherical inclusions, at low frequencies. Generic bounds are predicted from the average and second order moment of magnetic field approaches. The bounds may not be optimal, but can be used as relatively accurate estimates.
A generalization is proposed for a random distribution of (non-overlapping) cylinders, showing that average and second order moment of the magnetic field provide lower and upper estimates on EC losses.
The key point for evaluating these bounds and estimates is to know accurately the effective permeability which enables to retrieve the average and second order moment of the magnetic field.
A useful feature of this model is that EC distribution is not needed to estimate EC losses which makes this model very simple to implement. It only relies on a homogenization model for the effective permeability. The two estimates obtained in the case of periodic microstructures of spherical (3D) or circular (2D) inclusions are usually close to each other, providing accurate values for EC losses as long as the effective permeability is estimated with good accuracy.
The model presented in this paper has been first validated by comparison to FEM results. It was then compared to experimental measurements from the literature with very satisfying agreement.
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APPENDIX A: SPHERICAL SYMMETRY
This appendix aims at proving that the EC loss density due to a magnetic field can be decomposed as the addition of EC loss densities generated separately from the normal decompositions of the magnetic field.
The microstructure is a cubic lattice of spherical inclusions, shown in Fig. 1(a) . Because of spatial periodicity, the whole structure can be represented by an elementary cubic cell. It contains a sphere and its surrounding matrix.
Magnetic field H I is imposed along the x-direction on the cell:
H I ¼ ½H 1 ; 0; 0 t with the superscript t the transpose operator. At a point P(x) with x ¼ (x, y, z), H I , E I denotes the magnetic field and the electric field at that point, respectively. The matrix is dielectric, so the eddy current in the matrix is negligible. According to the definition, the eddy current loss density of the cell writes 
